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Let G be a simple connected graph with the vertex set V (G). The eccentric distance
sum of G is deﬁned as ξd(G) =∑v∈V (G) ε(v)DG (v), where ε(v) is the eccentricity of the
vertex v and DG (v) =∑u∈V (G) d(u, v) is the sum of all distances from the vertex v . In this
paper we characterize the extremal unicyclic graphs among n-vertex unicyclic graphs with
given girth having the minimal and second minimal eccentric distance sum. In addition, we
characterize the extremal trees with given diameter and minimal eccentric distance sum.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper, we only consider simple connected graphs. Let G be a simple connected graph with vertex
set V (G). For a vertex u ∈ V (G), degG(u) (or deg(u) for short) denotes the degree of u. For vertices u, v ∈ V (G), the
distance dG(u, v) is deﬁned as the length of the shortest path between u and v in G; DG(v) (or D(v) for short) denotes the
sum of all distances from v . The eccentricity ε(v) of a vertex v is the maximum distance from v to any other vertex. The
radius rad(G) of a graph is the minimum eccentricity of any vertex, while the diameter diam(G) of a graph is the maximum
eccentricity of any vertex in the graph. Let Sn and Pn be a star and a path on n vertices, respectively.
Sharma, Goswami and Madan [15] introduced a distance-based molecular structure descriptor, eccentric connectivity index
(ECI) deﬁned as
ξ c(G) =
∑
v∈V (G)
ε(v)deg(v).
The index ξ c(G) was successfully used for mathematical models of biological activities of diverse nature [6–8,11,13–15].
The investigation of its mathematical properties started only recently (for a survey on eccentric connectivity index see [9]).
In [5,10,12,16], the extremal graphs with various classes of graphs with maximal or minimal ECI are determined. In [1,2]
the authors determined the closed formulas for the eccentric connectivity index of nanotubes and nanotori.
Recently, a novel graph invariant for predicting biological and physical properties – eccentric distance sum was intro-
duced by Gupta, Singh and Madan [8]. It has a vast potential in structure activity/property relationships. The authors [8]
have shown that some structure activity and quantitative structure-property studies using eccentric distance sum were bet-
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distance sum of G (EDS) is deﬁned as
ξd(G) =
∑
v∈V (G)
ε(v)DG(v).
Let Un(k) be the set of n-vertex unicyclic graphs of order n with girth k and Un be the set of all unicyclic graphs of
order n. For G ∈ Un(k), if k = n,n − 1, then G is unique. So in the following we assume 3  k  n − 2. In this paper, we
investigate the EDS of unicyclic graph in Un(k) and characterize the extremal graphs with the minimal and the second
minimal eccentric distance sum in Un . Furthermore, we characterize the extremal trees with the minimal and the second
minimal eccentric distance sum in the class of trees with given diameter.
This paper is organized as follows. In Section 2, we investigate the EDS of unicyclic graphs in Un(k) and characterize the
extremal graphs with the minimal eccentricity distance sum in Un , while in Section 3, we determine the second minimal
EDS among all unicyclic graphs in Un . In Section 4, we characterize the extremal trees with minimal eccentric distance
sum in the class of trees with given diameter. We conclude the paper in Section 5 by posing some questions for future
study.
2. The minimal EDS of unicyclic graphs
Lemma 2.1. Suppose t  1 is an integer. Let u be a vertex of a connected graph G0 with at least two vertices. Let G1 be the graph
obtained by identifying u and a pendant vertex of a star St+2 , G2 the graph obtained by identifying u and the center of the star St+2 .
Then
ξd(G2) < ξ
d(G1).
Proof. Let w1 be the unique neighbor of u in G1 \ G0, and let w2 be the neighbor of u with degree one in G2. By the
deﬁnition of EDS, we have
ξd(G2) − ξd(G1) =
∑
v∈V (G0)
(
εG2(v)DG2(v) − εG1(v)DG1(v)
)+ ∑
v /∈V (G0)
(
εG2(v)DG2(v) − εG1(v)DG1(v)
)
.
Note that εG2 (v) εG1 (v) for any v ∈ V (G0) and εG2 (w1) = εG1 (w2), we get∑
v∈V (G0)
(
εG2(v)DG2(v) − εG1(v)DG1(v)
)

∑
v∈V (G0)
(
εG1(v)DG2(v) − εG1(v)DG1(v)
)
=
∑
v∈V (G0)
εG1(v)
(
(t + 1)(1+ d(v,u))− (1+ d(v,u))− t(2+ d(v,u)))
=
∑
v∈V (G0)
εG1(v)(−t),
while ∑
v /∈V (G0)
(
εG2(v)DG2(v) − εG1(v)DG1(v)
)= εG2(w2)DG2(w2) − εG1(w1)DG1(w1)
+
∑
v /∈V (G0)∪{w1,w2}
(
εG2(v)DG2(v) − εG1(v)DG1(v)
)
= εG1(w1) · t +
∑
v /∈V (G0)∪{w1,w2}
((
εG1(v) − 1
)
DG2(v) − εG1(v)DG1(v)
)
 t · εG1(w1).
It follows that
ξd(G2) − ξd(G1) t ·
(
εG1(w1) −
∑
v∈V (G0)
εG1(v)
)
= t ·
(
εG1(w1) − εG1(u) −
∑
v∈V (G )\{u}
εG1(v)
)
0
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(
1−
∑
v∈V (G0)\{u}
εG1(v)
)
< 0.
This completes the proof. 
We denote by Hn,k the unicyclic graph obtained from Ck by adding n − k pendant vertices to a vertex of Ck . Let
H(n,k;n1,n2, . . . ,nk) be a unicyclic graph on n vertices obtained from cycle Ck = v1v2 · · · vk with ni pendant vertices
attached at vi (i = 1,2, . . . ,k). Clearly, n − k =∑ki=1 ni .
Theorem 2.2. Let G ∈ Un(k) be a unicyclic graph of order n > 5. Then
ξd(G)
{− 18k4 + n−14 k3 + 7−3n4 k2 + (n2 − 7n2 + 1)k + 2n2 − n if k is even,
− 18k4 + 2n−18 k3 + 13−8n8 k2 + (n2 − 94n + 18 )k + n2 − 12 if k is odd
with equality if and only if G ∼= Hn,k.
Proof. Let G ∈ Un(k) be a unicyclic graph with the minimal EDS. By Lemma 2.1, G must be of the form H(n,k;n1,n2, . . . ,nk).
By the deﬁnition, we have
ξd(G) =
∑
vi∈V (Ck)
ε(vi)D(vi) +
∑
v∈V (G)\V (Ck)
ε(v)D(v)
=
∑
vi∈V (Ck)
ε(vi)D(vi) +
∑
vi∈V (Ck)
ni
(
ε(vi) + 1
)(
D(vi) + n − 1
)
=
∑
vi∈V (Ck)
(ni + 1)ε(vi)D(vi) +
∑
vi∈V (Ck)
(n − 1)niε(vi) +
k∑
i=1
ni D(vi) +
k∑
i=1
(n − 1)ni .
First, we can verify that
D(vi) =
∑
i = j
d(vi, v j) +
k∑
j=1
n j
(
1+ d(vi, v j)
)
 DCk (v) +
k∑
j=1
n j
= DCk (v) + n − k,
where v is an arbitrary vertex of a cycle Ck and DCk (v) is the sum of distances from any vertex on Ck to v . The equality
holds if and only if n j = 0 for all j = i, that is, G ∼= Hn,k .
It follows that
∑
vi∈V (Ck)
ni D(vi)
(
DCk (vi) + n − k
) k∑
j=1
n j
= (n − k)(n − k + DCk (v)),
with equality if and only if for each 1 i  k either ni = 0 or D(vi) = DCk (v) + n − k, which is equivalent to H ∼= Hn,k .
Note that the eccentricity of the vertex vi ∈ Ck is exactly  k2  or  k2  + 1. If k is even, there exists at least one vertex
v ∈ Ck with eccentricity k2 + 1; if k is odd, there are at least two vertices with eccentricity k+12 . Therefore,
k∑
i=1
(ni + 1)ε(vi)
{
k
2 + 1+ (k − 2) k2 + (n − k + 1) k2 if k is even,
2 k+12 + (k − 3) k−12 + (n − k + 1)k−12 if k is odd,
=
{
nk
2 + 1 if k is even,
n(k−1)
2 + 2 if k is odd,
with equality if and only if G ∼= Hn,k .
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k∑
i=1
niε(vi)
{
(n − k) k2 if k is even,
(n − k) k−12 if k is odd,
with equality if and only if G ∼= Hn,k .
Therefore, we ﬁnally get
k∑
i=1
(ni + 1)ε(vi)D(vi)
(
n − k + DCk (v)
) k∑
i=1
(ni + 1)ε(vi)

{
(nk2 + 1)(n − k + DCk (v)) if k is even,
(
n(k−1)
2 + 2)(n − k + DCk (v)) if k is odd,
with equality if and only G ∼= Hn,k .
Finally, we get
ξd(G) ξd(Hn,k) =
{− 18k4 + n−14 k3 + 7−3n4 k2 + (n2 − 7n2 + 1)k + 2n2 − n if k is even,
− 18k4 + 2n−18 k3 + ( 138 − n)k2 + (n2 − 94n + 18 )k + n2 − 12 if k is odd.

Theorem 2.3. Let G be a unicyclic graph of order n > 5. Then
ξd(G) 4n2 − 9n + 1,
with equality if and only if G ∼= Hn,3 .
Proof. For 4 k n − 2, let
f (k) = −1
8
k4 + n − 1
4
k3 + 7− 3n
4
k2 +
(
n2 − 7n
2
+ 1
)
k + 2n2 − n.
Then we have
f ′(k) = −1
2
k3 + 3n − 3
4
k2 + 7− 3n
2
k + n2 − 7n
2
+ 1,
f ′′(k) = −3
2
k2 + 3n − 3
2
k + 7− 3n
2
.
By direct veriﬁcation, it follows that f ′′(k) > 0 (4 k n − 2) and f ′(k) is increasing for 4 k n − 2. Since
f ′(4) = n2 + 5
2
n − 29 > 0,
and f ′(k) > 0. Therefore, f (k) is an increasing function for 4 k n − 2.
For 3 k n − 2, let
g(k) = −1
8
k4 + 2n − 1
8
k3 +
(
13
8
− n
)
k2 +
(
n2 − 9
4
n + 1
8
)
k + n2 − 1
2
and
g′(k) = −1
2
k3 +
(
3
4
n − 3
8
k
)2
+
(
13
4
− 2n
)
k + n2 − 9
4
n + 1
8
.
Similarly as above, we conclude that g(k) is increasing for 3 k n − 2.
Finally, we need to compare EDS of Hn,3 and Hn,4,
ξd(Hn,3) = 4n2 − 9n + 1,
ξd(Hn,4) = 6n2 − 11n − 16.
Since
ξd(Hn,3) − ξd(Hn,4) = −2n2 + 2n + 17 < 0,
we complete the proof. 
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Let H ′n,k (3  k  n − 2) be a graph obtained from cycle Ck = v1v2 · · · vk by attaching n − k − 1 pendant vertices and
one pendant vertex at v1 and v2, respectively. In this section, we characterize the unicyclic graph with the second minimal
eccentric distance sum.
Lemma 3.1. Let t  1 be an integer. Let Hk(t) be a unicyclic graph obtained from Hn−t,k and a star St+1 by identifying a pendant
vertex of Hn−t,k with the center of St+1 . Then
ξd
(
Hk(t)
)
> ξd
(
Hk(1)
)
.
Proof. Let w be the unique pendant vertex adjacent to u in Hk(1). Note that there exists a vertex v in Ck such that
εHk(t)(w) = εHk(t)(v). By the deﬁnition of EDS, we have
ξd
(
Hk(t)
)− ξd(Hk(1))> ∑
x∈V (Ck)
εHk(t)(x)(t − 1) − εHk(t)(w)(t − 1)
+
∑
x∈V (Hn,k−Ck)
εHk(t)(x)(t − 1) − εHk(t)(u)(t − 1)
> 0. 
Theorem 3.2. Among all n-vertices (n > 5) unicyclic graphs with girth k, H ′n,k has the second minimal eccentric distance sum,
ξd
(
H ′n,k
)=
⎧⎪⎨
⎪⎩
− 18k4 + n−14 k3 + 2−3n4 k2 + (n2 − 2n − 2)k + 2n2 + n − 2 if k is even,
6n2 − 11n − 15 if k = 3,
− 18k4 + 2n−18 k3 + 3−8n8 k2 + (n2 − 34n − 118 )k + n2 + 12n − 74 if k is odd and k 5.
Proof. Suppose that G has the second minimal EDS in Un,k . By Lemmas 2.1 and 3.1, G must be of the form H(n,k;
n1,n2, . . . ,nk) or Hk(1). In the following we divide two steps to get the second minimal EDS in Un,k .
Step 1: H ′n,k has the second minimal EDS among unicyclic graphs of the form H(n,k;n1, n2, . . . ,nk).
Let G be a unicyclic graph of the form H(n,k;n1,n2, . . . ,nk). From the proof of Theorem 2.2, we have
ξd(G) =
∑
vi∈V (Ck)
ε(vi)D(vi) +
∑
v∈V (G)\V (Ck)
ε(v)D(v)
=
∑
vi∈V (Ck)
(ni + 1)ε(vi)D(vi) +
∑
vi∈V (Ck)
(n − 1)niε(vi) +
k∑
i=1
ni D(vi) +
k∑
i=1
(n − 1)ni .
Let vt be the vertex closest to vi such that nt  1. Then
D(vi) = ni +
∑
j =i
d(vi, v j) +
∑
j =i
n j
(
d(vi, v j) + 1
)
=
∑
j =i
d(vi, v j) +
k∑
j=1
n j
(
d(vi, v j) + 1
)
=
∑
j =i
d(vi, v j) + nt
(
d(vi, vt) + 1
)+∑
j =t
n j
(
d(vi, v j) + 1
)

∑
j =i
d(vi, v j) + 2nt +
∑
j =t
n j
= DCk (v) + nt + n − k
 DCk (v) + n − k + 1, (1)
with equality if and only if n j = 0 for all j = i, t; vi is adjacent to vt ; and nt = 1, that is, G ∼= H ′ .n,k
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follows
k∑
i=1
ni D(vi) = nt D(vt) +
k∑
i=1; i =t
ni D(vi)
 nt D(vt) +
(
DCk (vi) + n − k + 1
)
(n − k − nt) (2)
= (D(vt) − (DCk (vi) + n − k + 1))nt + (DCk (vi) + n − k + 1)(n − k)

(
nt + DCk (vt) + 2(n − k − nt) −
(
DCk (v) + n − k + 1
))
nt +
(
DCk (v) + n − k + 1
)
(n − k) (3)
= (n − k − 1− nt)nt +
(
DCk (vi) + n − k + 1
)
(n − k)

(
DCk (vi) + n − k + 1
)
(n − k) + n − k − 2. (4)
From the equality cases in (1), (2), (3), the equality in (4) holds if and only if n j = 0 for all j = i, t; vi is adjacent to vt ; and
nt = 1. These conditions are equivalent with G ∼= H ′n,k .
Note that the eccentricity of the vertex vi ∈ Ck is exactly k2 or k2 + 1.
If k is even, there exist at least two vertices v ∈ Ck with eccentricity k2 + 1. Therefore,
k∑
i=1
(ni + 1)ε(vi)
(
k
2
+ 1
)
+
(
k
2
+ 1
)
+ (n − k + 2)k
2
+ (k − 4)k
2
= nk
2
+ 2,
k∑
i=1
niε(vi) (n − k)k2 ,
with equalities if and only if there exist some ns and nt such that ns = 0, nt = 0 and ns +nt = n−k while n j = 0 for j = s, t .
If k is odd, there are at least three vertices in Ck with eccentricity
k+1
2 . Therefore,
k∑
i=1
(ni + 1)ε(vi) 3(k + 1)2 + (n − k + 2)
k − 1
2
+ (k − 5)k − 1
2
= n(k − 1)
2
+ 3,
k∑
i=1
niε(vi) (n − k)k − 12 ,
with equalities if and only if there exist some ns and nt such that ns = 0, nt = 0, ns + nt = n − k, vs is adjacent to vt , and
n j = 0 for j = s, t .
Step 2: ξd(H ′n,k) < ξ
d(Hk(1)).
By direct calculations, we get
ξd
(
Hk(1)
)=
⎧⎪⎨
⎪⎩
− 18k4 + n−14 k3 + 5−3n4 k2 + (n2 − n − 5)k + 2n2 + 5n − 7 if k is even,
− 18k4 + 2n−18 k3 + 7−8n8 k2 + (n2 + 34n − 398 )k + n2 + 4n − 154 if k is odd and k 5,
6n2 − 9n − 14 if k = 3.
ξd
(
H ′n,k
) =
⎧⎪⎨
⎪⎩
− 18k4 + n−14 k3 + 2−3n4 k2 + (n2 − 2n − 2)k + 2n2 + n − 2 if k is even,
− 18k4 + 2n−18 k3 + 3−8n8 k2 + (n2 − 34n − 118 )k + n2 + 12n − 74 if k is odd and k 5,
6n2 − 11n − 15 if k = 3.
Therefore, we have
ξd
(
Hk(1)
)− ξd(H ′n,k)=
⎧⎪⎨
⎪⎩
3
4k
2 + (n − 3)k + 4n − 5 > 0 if k is even,
1
2k
2 + 3n−72 k + 72n − 2 > 0 if k is odd and k 5,
2n + 1 > 0 if k = 3.
This completes the proof. 
G. Yu et al. / J. Math. Anal. Appl. 375 (2011) 99–107 105Theorem 3.3. Let G ∈ Un (= Hn,3) be a unicyclic graph on n > 5 vertices. Then
(a) if n 7, ξd(G) 6n2 − 11n − 16, with equality if and only if G ∼= Hn,4;
(b) if n = 6, ξd(G) 133 with equality if and only if G ∼= H6,5 .
Proof. For even k, 4 k n − 2, let
f (k) = −1
8
k4 + n − 1
4
k3 + 2− 3n
4
k2 + (n2 − 2n − 2)k + 2n2 + n − 2.
For odd k, 3 k n − 2, let
g(k) = −1
8
k4 + 2n − 1
8
k3 + 3− 8n
8
k2 +
(
n2 − 3
4
n − 11
8
)
k + n2 + 1
2
n − 7
4
.
Similarly as the proof of Theorem 2.2, we can verify that f (k) and g(k) are increasing functions of k. Therefore, we only
need to compare EDS of Hn,4, Hn,5, H ′n,3 and H ′n,4.
From the proof of Theorems 2.2 and 3.2, we have
Hn,4 = 6n2 − 11n − 16,
Hn,5 = 6n2 − 5n − 53,
H ′n,3 = 6n2 − 11n − 15,
H ′n,4 = 6n2 − 3n − 50.
It follows that
ξd
(
H ′n,4
)− ξd(Hn,4) = 8n − 34 > 0,
ξd
(
H ′n,3
)− ξd(Hn,4) = 1 > 0,
ξd(Hn,5) − ξd(Hn,4) = 6n − 37 > 0 if n 7,
which implies the result. 
4. The minimal EDS of trees
Let C(a1,a2, . . . ,ad−1) be a caterpillar obtained from a path Pd with vertices {v0, v1, . . . , vd} by attaching ai pendant
edges to vertex vi , i = 1,2, . . . ,d − 1. Clearly, C(a1,a2, . . . ,ad−1) has diameter d and n = d + 1 +∑d−1i=1 ai . For simplicity,
denote Cn,d = C(0, . . . ,0,ad/2,0, . . . ,0).
Theorem 4.1. Among trees on n vertices and diameter d, caterpillar Cn,d has the minimal eccentric distance sum,
ξd(Cn,d) =
{− 796d4 + (n3 − 1724 )d3 + (n4 + 724 )d2 + (n2 + 236 )d + 2n2 + 3 if d is even,
− 796d4 + (n3 − 56 )d3 + ( 3n8 + 1148 )d2 + (n2 + 296 )d + 3n2 + 12332 if d is odd.
Proof. Let T be n-vertex tree with diameter d. Let P = v0v1v2 · · · vd be a path in tree T of maximal length. Every vertex vi
(i = 1,2, . . . ,d − 1) on the path P is a root of a tree Ti with ai + 1 vertices, that does not contain other vertices of P . We
apply transformation from Lemma 2.1 on trees T1, T2, . . . , Td−1 and decrease ξd(T ), as long as we do not get a caterpillar
C(a1,a2, . . . ,ad−1). For convenience, let T0 = C(a1,a2, . . . ,ad−1).
Let 1 r  d − 1 be the smallest index such that ar > 0 and analogously let 1 s d − 1 be the largest index such that
as > 0. If r = s, we will move the pendant vertices from vr or vs towards the central vertex vd/2 and decrease EDS.
Assume that we move ar pendant vertices from vr to vr+1. The eccentricity of these pendant vertices can be decreased
by 1, while the eccentricities of other vertices remain the same. For the distance sum of a pendant vertex v with the unique
neighbor u holds DT0(v) = n − 2+ DT0 (u). Denote the resulting tree by T ′ .
ξd(T0) − ξd
(
T ′
)= r−1∑
i=0
(
ε(vi) ·
(
DT0(vi) − DT ′(vi)
)+ ai(ε(vi) + 1) · (DT0(vi) − DT ′(vi)))
+ ε(vr) ·
(
DT0(vr) − DT ′(vr)
)
+ ar
(
ε(vr) + 1
) · (DT0(vr) + n − 2)− ar(ε(vr+1) + 1) · (DT ′(vr+1) + n − 2)
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d∑
i=r+1
(
ε(vi) ·
(
DT0(vi) − DT ′(vi)
)+ ai(ε(vi) + 1) · (DT0(vi) − DT ′(vi)))
= −
r−1∑
i=0
ε(vi) · ar − ε(vr) · ar
+ ar
(
ε(vr) + 1
) · (DT0(vr) + n − 2)− ar(ε(vr+1) + 1) · (DT ′(vr+1) + n − 2)
+
d∑
i=r+1
(
ε(vi) · ar + ai
(
ε(vi) + 1
) · ar)
 ar
(
−
r∑
i=0
ε(vi) +
d∑
i=r+1
ε(vi) +
(
ε(vr) + 1
)(
DT0(vr) − DT ′(vr+1)
)+ d∑
i=r+1
ai
(
ε(vi) + 1
))
.
It is easy to see that
DT0(vr) − DT ′(vr+1) =
d∑
i=r+1
(ai + 1) −
r∑
i=0
(ai + 1) + ar  0,
−
r∑
i=0
ε(vi) +
d∑
i=r+1
ε(vi) 0
and consequently ξd(T0) > ξd(T ′).
We can apply this transformation and decrease EDS, as long as we do not get the extremal tree Cn,d . Therefore,
ξd(T ) ξd(Cn,d),
with equality if and only if T ∼= Cn,d . 
Theorem 4.2. Among trees on n vertices, the star Sn has the minimal eccentric distance sum, while Cn,3 has the second minimal
eccentric distance sum.
Proof. For even d we have
ξd(Cn,d+1) − ξd(Cn,d) = 5− 4d3 − 3d
2 − 5d
3
12
− 6n + 3dn
4
+ 9d
2n
8
+ 2n2 = f (d).
By direct veriﬁcation, it follows
f ′(d) = −4
3
− 6d − 5d
2
4
+ 3n
4
+ 9dn
4
> 0,
and f is an increasing function and f (d) f (2) = 2n2 − 13 > 0 for n 3.
Similarly, for odd d we have
ξd(Cn,d+1) − ξd(Cn,d) = 52 −
17d
6
− 5d
2
2
− d
3
6
− 11n
8
+ 5dn
2
+ 7d
2n
8
= g(d).
By taking derivatives, it follows
g′(d) = −17
6
− 5d − d
2
2
+ 5n
2
+ 7dn
4
> 0,
and g(d) is an increasing function and g(d) g(3) = 181n8 − 1192 > 0 for n 3.
Therefore, we have the following chain of inequalities
ξd(Sn) = ξd(Cn,2) ξd(Cn,3) · · · ξd(Cn,n−2) ξd(Cn,n−1) = ξd(Pn).
We conclude that Sn has the minimal eccentric distance sum, while Cn,3 has second minimal eccentric distance sum among
trees on n vertices. 
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In this paper, we characterized the extremal unicyclic graphs with given girth and the extremal trees with given diameter
that have minimal eccentric distance sum. Naturally, one wants to characterize the extremal unicyclic graphs and trees that
maximize EDS in the same class of graphs and we leave this problem for future study.
Obviously the complete graph Kn has the minimal eccentric distance sum among n-vertex graphs,
ξd(G)
∑
v∈V
1 · (n − 1) = n(n − 1),
with equality if and only if G ∼= Kn .
Let e = (u, v) be an edge of G such that G ′ = G − e is also connected, and let D ′ be the distance matrix of G − e.
The removal of e does not introduce shorter paths than the ones in G , and therefore Dij  D ′i j for all i, j ∈ V . Moreover,
1 = Duv < D ′uv and
ξd(G) < ξd
(
G ′
)
.
It would be interesting to investigate the relations with other distance-based invariants [9]. For example, the extremal
unicyclic graphs with minimum Wiener index, degree-distance invariant or eccentric connectivity index are exactly the same
as for the eccentric distance sum; and the same holds for trees with given diameter.
The graphs with rad(G) = diam(G) = d are called self-centered graphs [3] and for such graphs it holds
ξd(G) = d ·
∑
v∈V
D(v) = d · W (G).
It would be also interesting to compute the values of ξd(G) for various classes of nanotubes, nanotori and dendrimers,
and we leave this for future research.
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